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Abstract. The dynamic fracture of functionally graded materials (FGMs) is modeled using an explicit
cohesive volumetric finite element scheme that incorporates spatially varying constitutive and failure
properties. The cohesive element response is described by a rate-independent bilinear cohesive failure
model between the cohesive traction acting along the cohesive zone and the associated crack opening
displacement. A detailed convergence analysis is conducted to quantify the effect of the material gra-
dient on the ability of the numerical scheme to capture elastodynamic wave propagation. To validate
the numerical scheme, we simulate dynamic fracture experiments performed on model FGM compact
tension specimens made of a polyester resin with varying amounts of plasticizer. The cohesive finite
element scheme is then used in a parametric study of mode I dynamic failure of a Ti/TiB FGM,
with special emphasis on the effect of the material gradient on the initiation, propagation and arrest
of the crack.
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1. Introduction

Since their introduction by Kawasaki and Watanabe (1987) in high temperature
metal/ceramic aerospace components, functionally graded materials (FGMs) have
found a wide range of commercial applications including cutting tools, biomedical
devices, optical fibers, optical filters and wear resistant coatings (Uemura, 2003). In
many of these applications, FGMs provide an attractive way for the designer to tailor
the microstructure to specific operating conditions, while minimizing the difficulties
associated with discrete material interfaces. Very often, however, fracture resistance
constitutes the primary design criterion, and this fact has led to the development of a
special branch of fracture mechanics devoted to the failure of this class of materials.

Because of the complexity associated with spatially varying constitutive and failure
properties, purely analytical treatments of such fracture problems have been lim-
ited to simple geometrical settings and loading conditions. Eischen (1987) analyti-
cally showed that the asymptotic stress field at the crack tip in a continuous and
differentiable FGM is identical to that of a homogeneous material and the square
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root singularity is preserved. A similar conclusion was reached by Jin and Noda
(1994) for a piecewise differentiable FGM. Some of the early theoretical investiga-
tions involving quasi-static cracks in FGMs, concentrated on determination of the
stress intensity factors (Erdogan, 1995), crack deflections (Gu and Asaro, 1997) and
fracture resistance curves (Jin and Batra, 1996). The mode I fracture problem of
a crack parallel to the gradient direction has been analyzed by Choi (1996). The
first attempt of solving the steady state crack propagation in a FGM with exponen-
tially varying moduli was made by Atkinson and List (1978). Stress and displacement
fields around a dynamic crack moving at steady state in a FGM were determined
by Parameswaran and Shukla (1999, 2002). The mathematical complexity is espe-
cially high in the dynamic case, and some of the analytical solutions available to date
involve stationary mode III (Babaei and Lukasiewicz, 1998) and penny shaped (Li
et al., 1999; Wang et al., 1999; Feng and Zou, 2003) cracks, steady state propagat-
ing cracks under in-plane (Jiang and Wang, 2002; Meguid et al., 2002) and nor-
mal (Meguid et al., 2002; Lee, 2004) loadings.

On the experimental side, the difficulty and cost of manufacturing large size frac-
ture specimens amenable to testing has led most investigators to develop model
FGMs. Lambros et al. (1999) have used an UV-sensitive material whose stiffness and
fracture toughness depend strongly on the amount of UV exposure. Butcher et al.
(1999) used a gravity casting technique to manufacture a particulate epoxy composite
with spatially varying reinforcement concentration. Parameswaran and Shukla (1998),
in a publication used in the present paper as the basis for a validation exercise, cre-
ated a polyester-based FGM by controlling the plasticizer content. Chalivendra et al.
(2003) fabricated a graded polyester composite with varying content of cenospheres
using a buoyancy assisted casting process.

Several experimental techniques were developed to characterize these model
FGMs. Li et al. (2000) and Abanto-Bueno and Lambros (2002) extracted the stress
intensity factor values for FGM fracture specimens made of the UV-sensitive mate-
rial using a hybrid experimental/numerical technique and full-field digital image cor-
relation. Rousseau and Tippur (2001) used coherent gradient sensing and obtained
the stress intensity factors using the quasi-static asymptotic expressions developed by
Eischen (1987) and the dynamic ones obtained by Parameswaran and Shukla (1999).
The crack growth and dynamic stress intensity factor history for their model FGMs
were determined using photoelasticity by Parameswaran and Shukla (1998).

The difficulty in performing these type of experiments has led many analysts
to adopt numerical schemes and solve FGM-related fracture problems. Although
boundary integral formulations have been used in some cases (Yue et al., 2003;
Zhang et al., 2003), the finite element (FE) method is by far the approach most com-
monly adopted. Batra (1980), Santare and Lambros (2000) and Paulino and Kim
(2002) have incorporated the material property variation within the FE formulation.
Santare et al. (2003) extended the graded FE concept to dynamic events and numer-
ically modeled one-dimensional wave propagation in FGMs, comparing their results
with the analytical solution of Chiu and Erdogan (1999). One-dimensional wave
propagation in FGMs was also studied by Banks-Sills et al. (2002). Recently, Wang
and Nakamura (2004) reviewed some of the existing models for crack growth simu-
lations and chose a cohesive methodology to simulate dynamic crack propagation in
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Figure 1. (a) Schematic of the CVFE concept, showing how a cohesive element is introduced between
two volumetric elements. The cohesive element is shown in its deformed state: originally it has no
thickness and the adjacent nodes are superposed. (b) Schematic of the bilinear cohesive model for
mode I. The dashed line shows potential unloading and reloading paths.

elastic—plastic FGMs. Cohesive modeling was also used by Jin et al. (2002, 2003) to
simulate quasi-static crack propagation in FGM:s.

We summarize hereafter a detailed numerical study of dynamic fracture in FGMs
using a simple cohesive failure model implemented in an explicit finite element
scheme referred to as the Cohesive—Volumetric Finite Element (CVFE) scheme.
Beyond the description and implementation of the cohesive model summarized in
Section 2, the present paper focuses on the following three aspects: in Section 3, we
show how the material gradient can affect the precision of the FE scheme in cap-
turing elastodynamic wave propagation. In Section 4, we validate the CVFE scheme
through comparison with experimental observations made in Parameswaran and
Shukla (1998) during the dynamic failure of model polyester-based FGM specimens.
Finally, we perform in Section 5 a detailed parametric study of mode I dynamic frac-
ture of a Titanium Monoboride (TiB)/Titanium (Ti) FGM. This particular material
is chosen because of its potential as protective coating in armor applications (Gooch
et al., 1999).

2. Numerical method

As indicated earlier, the numerical method used in this analysis is the CVFE scheme
that has been shown to be quite successful in the simulation of a variety of dynamic
fracture events (Camacho and Ortiz, 1996; Xu and Needleman, 1996; Espinosa et al.,
1998; Geubelle and Baylor, 1998; Bi et al., 2002; Maiti and Geubelle, 2004). This
scheme relies on a combination of volumetric elements used to describe the constit-
utive response of the material and cohesive elements introduced to model the fail-
ure process. As shown schematically in Figure 1(a), the cohesive elements are placed
along the edges of the volumetric elements and are characterized by a cohesive failure
relation between the cohesive traction vector T=(T,, T;) and the displacement jump
vector A= (A, A,), where the subscripts ‘n’ and ‘t’, respectively, denote the normal
and tangential components (Figure 1b).

The present study focuses on the dynamic propagation of mode I cracks in the
direction parallel to the material gradient and in the absence of branching. The cohe-
sive elements are thus placed along the plane of the pre-existing crack and the cohe-
sive model is characterized only by the relation between the normal components 7,
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and A,. We adopt hereafter the simple bilinear relation

T — S Omax Ay
" 1-§ Sinitial Anc ’

where onax and A, respectively denote the local values of the tensile failure strength
and critical crack opening displacement of the material Figure 1(b). The damage
parameter S is defined by

5=<1 A >
AVLC

where (z) =z if z>0 and =0 otherwise. To prevent healing of the cohesive zone in
the event of unloading, S is constrained to be monotonically decreasing from its ini-
tial value Siniiiar chosen close to unity (typically 0.98 in this analysis) to its final value
of zero, at which point complete failure is assumed. The area under the cohesive fail-
ure curve corresponds to the mode I fracture toughness G,., which, in the present
bilinear model, is given by

1
GICZEAncUmaX- (1)

To account for the possible appearance of large rotations during the fracture
event, we use a nonlinear kinematic description of the motion. Denoting the loca-
tion of a material point by x in the initial undeformed configuration and X in the
deformed configuration at time ¢, the displacement u, deformation gradient tensor
F and Lagrangian strain tensor E are given by

X 1
u=x-x, F=—, E=_(F'F-1),
ox 2 ( )
where I is the identity tensor.
Since the strains are expected to be small, we adopt the linear constitutive relation

S=LE,

where L is the fourth-order tensor representing the isotropic elastic properties of the
FGM and S is the second Piola—Kirchoff stress tensor related to the Cauchy stress
tensor o by

1
o = —FSFT,
J

with J denoting the determinant of deformation gradient.

The numerical implementation of the CVFE scheme is similar to that used by
Geubelle and Baylor (1998) and Bi et al. (2002). It relies on an explicit central differ-
ence time stepping scheme to update the nodal displacements, velocities and accel-
erations. The spatial variation of the constitutive and failure response of the FGM
is modeled by assigning spatially dependent material properties at each integration
point, in an approach similar to that used by Santare and Lambros (2000) to model
the behavior of nonhomogeneous materials.
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Figure 2. Schematic of the mesh used in the wave propagation study. P is the location where the
stresses are computed and N is the number of elements.
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Figure 3. Applied velocity history for 1-D wave propagation problem shown in Figure 2.

3. Wave propagation in FGMs

The accurate capture of wave propagation in the FGM specimen is critical in the
numerical modeling of dynamic fracture. In this preliminary section, we perform a
detailed analysis to assess the precision of the FE scheme in FGM elastodynamics.
In FGMs characterized by a continuous variation of material properties, there are no
distinct interfaces that might cause impedance mismatch and lead to wave reflection.
However, the numerical implementation relies on the discretization of the domain
into finite elements (chosen as 3-node constant strain triangles, or CSTs, in this work)
and on the assignment of material properties at the integration point (located at the
center of the element). This choice might lead to the artificial introduction of imped-
ance mismatch across element boundaries and thereby to numerical error.

To assess the precision of the FE scheme to capture elastodynamics in FGMs, we
investigate the 1-D problem presented in Figure 2. The time-dependent applied veloc-
ity V(¢) follows the trapezoidal pulse shown in Figure 3, with ramp rise time (Af,),
dwell time (At;), and unloading time (Atf,), chosen as L/30CY, L/10CY, L/30CY,
respectively, where CY represents the dilatational wave speed of the material at x =0.

Two material variations have been considered in this study. The first one has the
following variation for the Young’s modulus E, and mass density p,:

E.=E(1+87). px=p0(1+ﬁ%)_l,

which leads to a linear variation of the dilatational wave speed (C3))
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and a constant acoustic impedance (p,C;). The second material is given by

x\2
E=E(1+87). p=m.

and leads to a linear spatial variation of dilatational wave speed and acoustic imped-
ance. In both cases, the Poisson’s ratio (v) is assumed to be constant and the grading
parameter B is chosen strictly greater than —1.

The time step size used in the simulations is limited by the Courant condition

At < At, = min (h—x> , (2)
0<x<L \ Cj

where i, denotes the element size at location x and is a constant in this wave propa-

gation study (Figure 2). Typically a value of Az=0.1At. is used in these simulations

to ensure time convergence.

The evolution of the o,, stress component at a point P located near the center of
the domain (Figure 2) is presented in Figures 4(a—d) for various values of the mate-
rial gradient parameter 8. The solid and dashed curves, respectively, correspond to
the numerical and analytical solutions, and labels 1 and 2 denote the cases associated
with constant and linearly varying impedance, respectively. The loading level used in
the simulations is chosen small enough to keep the strains at infinitesimal values and
thus allow for comparison with the linear elastodynamic analytical solution described
in the Appendix A. All curves show the arrival of the loading and unloading waves
associated with the transient applied velocity V(¢). The numerical curves shown in
Figure 4(a—c) have been obtained with the same spatial discretization (h/L =0.01).
As B decreases and becomes negative, the numerical scheme becomes more disper-
sive and the numerical solution increasingly deviates from the exact one. As shown
in Figure 4(d), further mesh refinement (to #/L =0.001) reduces the numerical error
for g=-0.8.

As apparent in Figure 4, the ability of the finite element scheme to capture the
loading and unloading ramp is associated with the amplitude and sign of the mate-
rial gradient. The results also show that the numerical error is similar for constant
and spatially varying impedance cases. These facts are further illustrated in Figure 5,
which shows how the relative error on the o, stress component at point P depends
on the mesh size & and the material gradient parameter 8. The error € is defined as

fe | _numerical analytical
‘/;s |Jxx(XP*’) Tx@pD |dz

t,, _analytical
f:|o—xx(xl,,r) |dt

’

where #; and ¢., respectively, denote the time of arrival and departure of the applied
velocity pulse at the point of observation P (located at x =x,) and are given by

L 1+8
= Oln , te=t5+_0'
pCy \1+px,/L 6CY

ls
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Figure 4. Comparison between the analytical (dashed curves) and numerical (solid curves) evolution
of the normalized stress o,, at a location P near the center of the domain. The curves in Figures
(a—c) have been obtained with the coarser mesh with 4/L=0.01 and with three values of B:8=0 (a),
B=5 (b) and B=-0.8 (c). The labels 1 and 2 represent the cases with constant and linearly vary-
ing impedance, respectively. (d) corresponds to the finer mesh with 2/L=0.001 and §=-0.8. In all
subplots, o,, is normalized with the value of p,CY Viax.
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Figure 5. Log-Log plot of the error € vs. h/L/(B+1) obtained from the 1-D wave propagation
study. The open and filled symbols respectively correspond to the FGM problems with constant and
spatially varying impedance.
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The open symbols correspond to the various FGM problems with constant imped-
ance, while the filled symbols denote the spatially varying impedance cases. The
different shapes represent the various spatial discretizations used in this 1-D wave
propagation convergence study. As shown in Figure 5, when plotted in terms of
h/L/(B + 1), all error curves collapse on the same ‘master curve’, which thereby
allows us to quantify readily the effect of the material gradient parameter S on the
precision of the elastodynamic FE scheme. Note once again that the convergence
trend for the spatially varying impedance problems is very similar to that obtained
for the constant impedance cases.

The results in Figure 5 allow us to determine the discretization needed to capture
adequately the elastodynamic solution in the FGM sample. This mesh requirement
comes in addition to the discretization needed to capture the fracture process itself,
i.e., the ability of the finite element solution to simulate the cohesive failure process
taking place in the vicinity of the advancing crack front, as discussed in the next sec-
tion.

4. Simulation of dynamic fracture in model polyester-based FGMs

We now turn our attention to the simulation of the mode I dynamic fracture exper-
iments performed by Parameswaran and Shukla (1998) on model polyester-based
FGMs, and used here to validate the numerical scheme described in Section 2. The
geometry of the modified compact tension (MCT) specimens used in that experimen-
tal study is schematically shown in Figure 6. Spatially varying material properties
were obtained by varying the relative content of plasticizer in the polyester resin. In
the geometry analyzed in the present validation study, four strips with different plas-
ticizer contents were used, yielding a piecewise continuous variation of the compo-
sition from 0% plasticizer content in the region containing the pre-existing crack to

0%

10%

{ 'rﬂ oy

O

I 1.2W -

Figure 6. Schematic of the MCT specimen geometry used in the dynamic fracture experiments and
simulations. The graded region starts at a distance L from the loading points in steps of 10% plas-
ticizer (beginning with 0%), with the width of the each FGM layer equal to 13 mm (a=76 mm,
W=200 mm, L=0.5 W).
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Table 1. Quasi-static material properties of polyester-plasticizer strips.

% Plasticizer =~ Young’s modulus Poisson’s ratio Fracture toughness

E; (GPa) vy Ky (MPa /m)
0 3.98 0.32 0.51
10 3.79 0.33 0.55
20 3.51 0.34 0.68
30 3.14 0.35 0.65
40 2.87 0.38 0.67
50 2.20 0.42 0.80

Table 2. Dynamic properties of polyester—plasticizer strips.

Young’s modulus, Eg4, (GPa) 4.5
Poisson’s ratio, vayn 0.32
Mass density, p (kg/m?) 1180

50% plasticizer content on the right side of the specimen, with 10% steps in plasti-
cizer content.

The constitutive and failure properties of the various strips are provided by the
authors of the experimental study and are summarized in Table 1 for the quasi-
static case and Table 2 for the dynamic case. Parameswaran and Shukla have per-
formed the analysis of the experimental results within a linear elastic framework.
This assumption is confirmed by the very small strain level (less than 0.2%) obtained
in our simulations. As expected, the quasi-static fracture toughness (K. ) increases
with the plasticizer content, while the quasi-static stiffness (E;) shows the opposite
trend. Interestingly, the dynamic stiffness (Eq4yn) 1s substantially higher than its quasi-
static counterpart but does not appear to depend on the plasticizer content. The
first parameter entering the cohesive failure model, the dynamic fracture toughness
(G1c,dyn) 1s also rate-dependent and can be described by

Klzd _ V(U)ch,sz
Edyn Edyn

: (€)

Glc,dyn =

where y(v) quantifies the rate dependence of the fracture toughness, i.e., the depen-
dence of the dynamic fracture toughness (K;;) on the crack velocity (v). This depen-
dence is obtained experimentally and, for the system of interest, we use the data of
the experiments performed by Evora et al. (2004) on similar pure polyester MCT
specimens. Since these K;; vs. v curves have not been reported for the polyester—
plasticizer system, we assume in the present study that its dynamic fracture toughness
shows the same rate dependence as the pure polyester material. The second cohesive
failure parameter op,«x used in the bilinear cohesive model described in Section 2 will
be determined in this section.

To simulate the dynamic fracture of the MCT specimen shown in Figure 6, a
plane stress CVFE scheme was used with the spatial discretization described in Fig-
ure 7. A total of 254 cohesive elements were placed in the path of the mode I
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Crack tip

Figure 7. Finite element mesh used in the validation study with the inset showing a close view of the
initial crack tip.

crack to accurately capture the failure process in the vicinity of the advancing crack
tip. This discretization was adopted following a detailed convergence analysis of the
CVFE simulation, with at least five cohesive elements failing in the cohesive zone at
all times during the dynamic fracture event.

The specimen was loaded quasi-statically by a pair of point loads applied at a dis-
tance a behind the crack tip, which, in the experiments, was intentionally blunted to
allow the accumulation of a sufficient amount of strain energy in the specimen prior
to crack motion. To capture the initial pre-stressed state of the fracture specimen,
a quasi-static stress analysis of the MCT specimen was performed by incrementally
applying the applied load up to its experimentally measured critical value. The accu-
mulation of elastic energy associated with the blunting of the pre-crack was mod-
eled by preventing the failure of the cohesive elements by increasing the fracture
toughness of the FGM by six orders of magnitude. In this preliminary analysis, we
adopted the quasi-static constitutive properties of the material described in Table 1.
The resulting displacement and stress state was then introduced as initial conditions
in the explicit dynamic CVFE scheme. Two loading conditions were used in the
experimental study: in the first one (referred to as Case I), the initial strain energy in
the specimen was measured by Parameswaran and Shukla as 0.32 J. They also mea-
sured an average crack velocity of 300 m/s in the first experiment. Using this value
of crack velocity and the experimental measurements of K;; vs. v curve obtained by
Evora et al. (2004), we extracted the dynamic parameter y entering Equation (3) to
be 1.38. Having determined G g4yn from Equation (3) in this fashion, we use this
first loading case to calibrate the second cohesive failure parameter oy, (or A,.) by
closely matching the crack advance history. The extracted value is then used in a fully
predictive fashion in the second loading case (referred to as Case II), which has a
lower value of the initial strain energy (0.14 J) and a dynamic parameter y of 1.16
for an average crack velocity of 260 m/s.

To reduce the size of the parametric space, we considered two scenarios: spatially
varying A,. with constant oy,x and spatially varying o, with constant A,.. In the
first scenario, the assumed constant oy, 1S chosen as a constant fraction of dynamic
stiffness and the spatial dependence of the other cohesive parameter A, is obtained
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Figure 8. Evolution of the crack tip location curves for Case I: comparison between experimental data

(symbols) and numerical results (curves) obtained for different values of opn,,. The dotted lines denote
the location of the FGM layers.
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Figure 9. Evolution of the crack tip location curves for Case I. comparison between experimental data

(symbols) and numerical results (curves) obtained for different values of A,.. The dotted lines denote
the location of the FGM layers.

using Equations (1) and (3). The evolution of the crack tip location history (with
the origin of the time axis corresponding to the crack initiation time) obtained for
four different values of op.x are compared to the experimental data in Figure 8.
As shown there, the crack propagation response highly depends on the choice of
omax and is marked with multiple temporary crack arrests at interlayer interfaces,
which is contrary to the observed steady crack growth response in the experiments of
Parameswaran and Shukla (1998). Therefore, these results are deemed unsatisfactory.

The results of the other approach, i.e., of assuming a constant critical separation
A, and allowing for the spatial variation of oy, are presented in Figure 9. Where,
the evolution of the crack tip location history obtained for four different values of
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Table 3. Cohesive parameters used in Case II simulations, with the
superscripts ‘I’ and ‘I’ denoting quantities associated with Cases I
and II, respectively.

1 1
Umax AHL‘
2 .1 1
Setl acon.. A,
1 1
Set2 ooy, al,
1 2AT1
Set3 O nax atA),
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Figure 10. Comparison between predicted and observed time evolutions of the crack tip location a
obtained for Case II with A,.=200um: (a) Set 1, (b) Set 2.

Ape (100, 200, 300 and 400 um) are compared to the experimental data. As shown
there, the crack accelerates rapidly in the more brittle 0% plasticizer layer, progres-
sively slows down and eventually arrests as it encounters increasingly tougher lay-
ers. As evident in Figure 9, the crack propagation is quite sensitive to the choice of
Ay, with higher values of A,. leading to crack arrest within the 10-20% plasticizer
region, whereas lower values yielding a complete decohesion of the uncracked liga-
ment. The solution obtained with A,.=200um (solid black curve) matches relatively
well the experimentally observed crack propagation and arrest behaviors. This leads
us to conclude that this approach is more accurate than the scenario used in Figure 8
and is therefore adopted in the validation study of Case II.

Let us rewrite the dynamic fracture toughness of Gy 4yn for Case II in terms of
its Case I counterpart as

CaselI __ 2 ~Casel
Glj,s(fyn = Glf,sdeyn’ (4)
where o is the ratio of dynamic parameters y corresponding to the two loading

cases and takes the value of 0.84. While the rate dependence of the material tough-
ness is quite clear, the rate dependence of the corresponding cohesive parameters is
not as well understood. This suggests the need to simulate the second loading case
using three different scenarios (referred to as Sets 1 to 3 in Table 3) obtained by asso-
ciating the change in fracture toughness to either op.x or A,. or both.

Figures 10(a) and (b), respectively, present the predicted crack propagation curves
obtained for Sets 1 and 2, with, in both cases, the experimental data shown using
symbols. To account for the experimental scatter associated primarily with the
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Figure 11. Details of the specimen used in the parametric study with material variation belonging to
Case 1.

measured values of the dynamic fracture toughness and to quantify the sensitivity of
the results on the value of «, we also performed simulations with a +5% change in
the o values and thereby predict the lower and upper bounds of the crack advance-
ment history. Each figure therefore contains three curves, with the solid one cor-
responding to the reference value of «. For both sets of cohesive parameters, the
numerical predictions match the experimental observations quite closely with regards
to both the propagation and arrest behaviors. The similarity between the results asso-
ciated with the three sets of cohesive parameters listed in Table 3 indicates that the
crack propagation behavior is clearly dominated by the fracture toughness G¢ dyn
and that, within the range of values considered in Sets 1 to 3, the cohesive parame-
ters only influence weakly the crack propagation response.

5. Parametric study of dynamic fracture of a Ti/TiB FGM

After demonstrating the ability of the CVFE scheme to capture the dynamic failure
of FGMs, we now turn our attention to the simulation of dynamic mode I fracture
in a metal-ceramic FGM system, and, in particular the Ti/TiB system that is being
considered in armor applications (Gooch et al., 1999).

The fracture specimen modeled in this parametric study is shown in Figure 11.
It contains a mathematically sharp edge crack of length H/4, where H =12 mm is
the width of the FGM layer. In most of the simulations presented hereafter (referred
to in this section as Case I), the pre-crack is introduced in the TiB layer and the
crack therefore propagates from the more brittle ceramic component to the more
tough metallic one. However, we also consider at the end of the study the reverse
case (referred to as Case II) where the crack starts from the metallic side and propa-
gates toward the ceramic layer. The specimen is assumed to be thin and plane stress
conditions are thus adopted. Figure 11 also illustrates the coordinate frame used in
this study, centered on the fracture plane at the beginning of the FGM region. As
also shown in Figure 11, the specimen is wedge-loaded in mode I along its left edge
while the other edges are traction free. In all the simulations presented in this section,
the applied velocity Vinp 1s ramped up linearly during the first 167 ns up to a value
of 10 m/s and is then maintained constant for the reminder of the fracture event.



288 S.S.V. Kandula et al.

Table 4. Material properties of Ti/TiB FGM used
in the parametric study.

Ti TiB
Volumetric
Young’s modulus, E (GPa) 107 375
Poisson’s ratio, v 0.34 0.14
Mass density, p (kg/m?) 4500 4710
Cohesive
Fracture toughness, G;. (kJ/m?*) 150  0.11
Omax (MPa) 620 4

The finite element discretization of the fracture specimen is similar to that used in
the validation study presented in Section 4 and involves approximately 245 cohesive
elements with an average length of 85um placed along the fracture plane ahead of
the pre-crack. The time step size adopted in this study is 1 ns.

The constitutive and failure properties for Ti and TiB have been taken from Jin
et al. (2002) and are summarized in Table 4. Note the three-order magnitude differ-
ence between the fracture toughness of the metallic and ceramic components. As
shown below, this difference will play a key role in the fracture response of the FGM
system. In all the simulations presented in this section, the strain level remains below
0.5%. For the FGM region, in absence of reliable experimental measurements, we
assume a power-law variation of the constitutive and failure properties following the
relation

n
=
xy T My X2 — X1

where A, denotes any constitutive (Young’s modulus E, Poisson’s ratio v and den-
sity p) or failure (tensile strength on,x and fracture toughness G,.) property at loca-
tion x with x; and x;, respectively, representing the start and end locations of the
FGM region (x; =0 and x, = H in this case). As illustrated in Figure 12, the expo-
nent n entering Equation (5) determines the sharpness of the material transition, with
small and large values of n generating a bias toward the first and second materials,
respectively, while the limiting cases (n =0 and n=o00) correspond to sharp interfaces
between the two components.

The evolution of the crack tip location (shifted such that a value of zero corre-
sponds to the crack arrival at the FGM region) is shown in Figure 13 for the pure
ceramic and pure metal cases and for five FGM cases with values of the exponent n
equal to 0.1,0.5,1,2 and 10.

The wave speed used to normalize the time axis is the Rayleigh wave speed in the
ceramic component (Cf%). The crack tip is defined as the right-most cohesive integra-
tion point along the fracture plane for which the damage parameter S introduced in
Section 2 reaches zero. As expected, since the crack initiates in the ceramic layer, the
initial phase of the fracture event in the FGM case is the same as for the homoge-

neous TiB specimen, and the crack quickly accelerates to reach quasi-steady-state as
it enters the graded region. At that point, however, due to the substantial difference
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Figure 12. Effect of exponent n on the variation of the material properties A, described by Equa-
tion (5).
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Figure 13. Evolution of the crack tip location for the ceramic-to-metal crack propagation problem for
the FGM with five values of the exponent n, and for the pure ceramic (TiB) and pure metal (Ti)
cases. The dotted horizontal lines correspond to the start and end of the graded region in the FGMs.

in fracture resistance between TiB and Ti, the evolution of the crack length starts to
differ greatly from the pure ceramic case. The crack then slows down to approach the
lower crack speed characteristic of the pure Ti case. The transition strongly depends
on the exponent n: for small values of n, the sharp transition to high fracture tough-
ness leads to a temporary arrest of the crack, the duration of which increases with
decreasing values of n. For high values of n, the crack also experiences arrest in
the FGM region before restarting its propagation in the tougher predominantly Ti
region. No crack arrest is observed for intermediate values of n (n=2, 1 and 0.5) and
a smooth transition is observed in the crack propagation speed from the fast behav-
ior associated with TiB to the slower fracture response associated with Ti.
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Figure 14. Crack velocity vs. crack advance curves obtained for the ceramic-to-metal fracture prob-
lem: (a) reference homogeneous ceramic and metallic cases; (b—d) three representative values of the
property gradient exponent n:n=10 (b), n=1 (¢) and n=0.1 (d) The crack velocity is normalized by
the local value of the Rayleigh wave speed Cj. The vertical dotted lines correspond to the limits of
the FGM region.

The evolution of the crack propagation speed is also presented in Figure 14 as a
function of the crack advance for the homogeneous ceramic and metallic cases (Fig-
ure 14a) and for three values of the property gradient exponent n:n =10 (Figure 14b),
n=1 (Figure 14c) and n=0.1 (Figure 14d). The crack speed is normalized by the
local value of the Rayleigh wave speed (Cy%).

As shown in Figure 14(a), the two limiting (homogeneous ceramic and metal-
lic) cases yield two very different crack propagation speeds: about 60% of the TiB
Rayleigh wave speed in the pure ceramic case and about 25% of the Ti Rayleigh wave
speed in the pure metallic case. When the material gradient is biased toward the Ti
region (i.e., for n=10), the crack propagation behavior in the first half of the FGM
layer is almost identical to the pure TiB case. In the remainder of the FGM layer, the
sharp transition to more fracture resistant properties lead to a drastic slowdown and
even arrest of the crack before it eventually enters the Ti region. In the ‘linear FGM
case’ (n=1), the crack slow down is much more progressive and no arrest is detected.
Finally, in the last FGM case (n =0.1), the crack is arrested as soon as it enters
the FGM region, before reinitiating its motion and reaching propagation speeds sim-
ilar to the homogeneous Ti case (i.e., about 25% of the corresponding Rayleigh wave
speed).
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Figure 15. Relative effect of the gradient in constitutive and failure properties on the ceramic-to-
metal fracture event: evolution of the crack length a for constant constitutive properties but varying
failure properties (a) and for constant failure properties but varying constitutive properties (b). In
both cases, results are shown for representative values of the gradient exponent n and the constant
properties are chosen as those of TiB.

It should be noted once again that, in the results presented so far, all material
properties are assumed to follow the same spatial variation described by Equa-
tion (5). It might therefore be of interest to differentiate the relative role of the mate-
rial gradient in constitutive and failure properties on the dynamic fracture response.
This study is summarized in Figure 15, which presents the time evolution of the
crack length for constant constitutive properties (chosen as those of TiB) and vary-
ing failure properties (Figure 15a), and for constant failure properties (chosen as
those of TiB) and varying constitutive properties (Figure 15b). As apparent there,
the gradation in failure properties affect the fracture response of the FGM specimen
much more than the spatial variation of the constitutive properties. This is to be
expected considering the substantial mismatch in failure strength and fracture tough-
ness between the TiB and Ti constituents. A similar conclusion is reached if the con-
stant properties are chosen as those of Ti.

To conclude this parametric study of dynamic fracture in a Ti/TiB FGM spec-
imen, we investigate the reverse problem (Case II) where the crack initiates in the
metallic (Ti) zone and propagates dynamically through the FGM region toward the
ceramic (TiB) zone. The evolution of the crack length (shifted in a manner similar
to Figure 13) is presented in Figure 16 for three representative values of the material
gradient exponent n and for the two reference homogeneous cases.

As apparent in this figure, the dynamic failure response in Case II is very differ-
ent from Case I. While a continuous crack motion with, in some cases, crack arrest,
was observed in the curves presented in Figure 13, the FGM simulations associated
with Case II are characterized by a sudden jump of the crack length (denoted by
vertical segments in Figure 16). This discontinuous crack motion can be explained
once again by the large mismatch between the failure properties of Ti and TiB, which
strongly affects the time and location of the onset of failure in the specimen. This
fact is illustrated in Figure 17, which presents snapshots of the spatial distribution
of the crack opening displacement normalized by the local value of its critical value
for n=0.1 (Figure 17a) and n=10 (Figure 17b). As in previous figures, the vertical
dotted lines correspond to the bounds of the FGM region, while the horizontal line
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Figure 16. Evolution of the crack length for the metal-to-ceramic crack propagation problem (Case
II), for three values of the exponent n and for the two reference homogeneous (ceramic and metal-
lic) cases. The horizontal dotted lines denote the bounds of the FGM region.
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Figure 17. Evolution of the spatial distribution of the crack opening displacement normalized by it’s
local critical value obtained in the metal-to-ceramic fracture problem: (a) n=0.1, time from 8.1 us
(1) to 10.1 us (5) with 0.5us time interval; (b) n=10 with time from 23.6 us (1) to 27.6 us (5) with
1 ws time interval.

denotes the critical value of the displacement jump beyond which complete failure is
achieved (i.e., the location of the crack tip(s)).

In the case n=0.1, for which a sharp transition exists between Ti and TiB proper-
ties biased toward the beginning of the FGM region, the sharp decline in the critical
crack opening displacement value leads to the creation, ahead of the main crack, of a
secondary failure region, whose right tip propagates rapidly through the FGM region
while the left tip coalesces with the main crack. Based on our aforementioned defi-
nition of the crack tip location, the appearance of this secondary crack leads to the
vertical segment apparent in Figure 16. In the other limiting case, n =10, a similar
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discontinuous crack motion is observed, but this time in the vicinity of the end of
the FGM region. The sharp drop in failure properties present there leads to the cre-
ation of a secondary crack, which propagates ahead of the main crack into the TiB
region.

6. Conclusions

A numerical method based on a CVFE scheme has been extended to capture the
dynamic crack propagation in FGMs. The effect of the amplitude and sign of the
material gradient on the ability of the explicit FE scheme to capture elastodynam-
ic wave propagation has been studied through a detailed convergence analysis of
I-D wave propagation. The FGM CVFE scheme has been validated by simulat-
ing dynamic fracture experiments on model polyester-based FGMs performed by
Parameswaran and Shukla (1998). The failure properties of the model FGM were
extracted through comparison with experimental measurements of crack motion asso-
ciated with a chosen loading case and then used in a predictive fashion for a different
loading case. The scheme has then been used in a parametric study of dynamic mode
I crack propagation in Ti/TiB FGM specimens. For that problem, characterized by a
large mismatch in fracture properties between the metallic and ceramic components,
results showed a great sensitivity of the crack motion to the gradient of the cohesive
failure parameters.
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Appendix A

The solution for the 1-D wave propagation problem in linear elastic FGMs described
in Section 3 is obtained using the Laplace transform following the approach
described by Chiu and Erdogan (1999). The wave equation is

dowy 0 (= Ou 3%u
=—E,— )|=p,—, A.l
dx  Ox ( ax) Parn @A
where u(x,t) is the displacement.

The variation of the properties considered here are

E.=E <1+,3%)m, Px = o <1+,3%>

where m, n, B are arbitrary real constants with 8> —1, E; and py are the effective
stiffness and mass density evaluated at x =0. The effective stiffness under plane strain
conditions is given by

_ E.(1—v

B «(d=v)

=

T (14+v)(1=2v)’

n
)

(A.2)
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where E, is the spatially varying Young’s modulus and v, the assumed constant
Poisson’s ratio.

Equation (A.1) is solved with quiescent initial conditions:
0
u(x,0)=0, gu(x, 0)=0, O<x<L,
and with the imposed velocity boundary condition at x =L:
i (L,t)y=V()
—u(L,t)= .
ot

Following the method of Chiu and Erdogan (1999), Equations (A.1) and (A.2) are
solved in the Laplace domain as, for m=n+2,

i (X p)=V(p>[(ﬂ%+1) — (B +1) }

L’

p | BED=B+DY
where
n+1 n+1)?% p?
S],S2:—< 3 ):l: T—i_ﬁ

When m #n+2,

P (x ): V(p) (,3%4-1)1_2"1 [Kljf(pl)lllf(p3)_Iilf(pl)KI/f(p?))}

LP

P B+1 Ky (p)1y(p2) — Ly (p1) Ky (p2)
where

_ 2p

LS — I
2p n—m+2

=l 1 2
P2 n—mtDp B+D )

B 2p x ot
P=|ammrze PL )

while 7, (z) and Ky (z) are the modified Bessel functions of the first and second kind
with

w‘:

1—m
n—m+2|

The stress oy, can then be obtained using Equation (A.1).
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