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Abstract

A numerical model of fatigue crack growth retardation in polymers induced by artificial crack closure is proposed.
The approach relies on the combination of cohesive modeling and a contact algorithm incorporated in the wake of the
advancing crack to account for the effect of the introduced wedge. Numerical results are compared with existing exper-
imental observations, showing the ability of the cohesive model to capture the key features of wedge-induced crack
retardation. A study is conducted to quantify the effects of relevant parameters such as applied load levels, wedge dis-
tance to the crack tip and wedge stiffness. The model is also discussed in the context of self-healing polymers [White SR,
Sottos NR, Moore J, Geubelle PH, Kessler M, Brown E, et al. Autonomic healing of polymer composites. Nature
2001;409:794-7], where the wedging effect is associated with the polymerization of the healing agent.
© 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

Fatigue is often a key failure mechanism in structural components and substantial efforts have been
made to propose and investigate different mechanisms for the retardation of fatigue crack propagation.
One of these mechanisms relies on the shielding of the crack tip [14], which reduces the effective stress range
at the crack tip through the crack closure effect. The closure produced by the plastically deformed material
left in the wake of a propagating fatigue crack in metals and its effect on the crack growth rate have first
been observed by Elber [7]. Later, it was demonstrated that the crack closure effect can also be achieved by
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Nomenclature

o, f material parameters for fatigue cohesive model
by uncracked length of the beam

da/dN crack advance per cycle

C intercept of the Paris curve

A displacement jump vector

AU displacement correction vector

Aapplica applied displacement

Ay crack opening displacement vector

Ay thickness of inserted wedge

Ape critical opening displacement jump

E Young’s modulus

I, cohesive surface

g gap function

Gie fracture toughness

K, partition of stiffness matrix of beam corresponding to contacting nodes
K. cohesive stiffness matrix

K, volumetric tangent stiffness matrix

K, partition of stiffness matrix of wedge corresponding to contacting nodes
keon cohesive stiffness

K. critical stress intensity factor in mode I

K.in  minimum stress intensity factor

Knax  maximum stress intensity factor

AK applied loading range

AK .y effective stress intensity factor range

N¢ number of loading cycles since onset of failure
P contact force

R load ratio

R external load vector

Omax  tensile cohesive failure strength

S damage parameter

St 1nitial value of damage parameter

L previous value of damage parameter

T cohesive traction vector

Ty normal component of cohesive traction

U displacement vector

w wedge equivalent stiffness

oxide [22], roughness [9,15], phase transformation [10], or fluid pressure-induced closure [8]. Kitagawa and
co-workers [11] first demonstrated artificial crack closure by inserting a wedge in the wake of the crack. This
method of fatigue crack retardation was subsequently studied in [17,19-21,23,24]. All the aforementioned
mechanisms slow down fatigue crack growth by increasing the minimum stress intensity factor K,;,, there-
by reducing the effective stress intensity factor range AK,y experienced by the crack tip. Sharp and co-work-
ers [17] also showed that an adhesive wedge is further capable of fatigue crack retardation by bonding with
the crack faces, further reducing the maximum stress intensity factor K .x.
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All the experimental observations contained in the references listed above have been obtained on metal-
lic specimens subjected to a constant stress intensity factor range. Due to their intrinsic brittleness, most
polymeric materials do not experience plasticity-induced crack closure. Furthermore, many of the other
artificial crack closure mechanisms outlined so far are not applicable for this class of material. The only
practical ways to achieve fatigue crack retardation in polymers through crack closure may be the artificial
infiltration of a viscous fluid or a solid wedge in the wake of the crack. One of the very few reported experi-
mental observations of the effect of a wedge on the propagation of a fatigue crack in polymeric materials
can be found in [2], where a study of fatigue crack propagation in epoxy to observe the effect of autono-
mous healing on the retardation of the fatigue crack growth has been undertaken. This study employs
the self-healing technique developed by White and co-workers [25] for quasi-static loading case and extends
that concept for polymeric systems under cyclic loading. Healing is achieved by a special material system
containing a monomer (dicyclopentadiene or DCPD) filled spherical particles embedded in the polymer ma-
trix. The matrix also contains a Ruthenium-based catalyst which initiates the polymerization of the mono-
mer stored in the microspheres. When the advancing crack ruptures a sphere, the monomer is released in
the matrix filling up the wake of the crack and subsequently polymerizes after coming into contact with the
catalyst. DCPD released in the wake is initially in liquid form. After reaching the gelation point, it adheres
to the crack faces before finally solidifying to act as a wedge in the wake of the crack. The phase change of
the filling material (DCPD) is quite complex and depends on its cure kinetics with the associated change in
mechanical strength and fracture properties. If the rate of crack advance is small enough and/or a rest per-
iod is provided, sufficient solidification of the infiltrated material can be achieved and the dominant mech-
anism of the fatigue crack retardation in this particular situation is the crack closure due to wedge effect.
This effect is therefore the topic of the analytical study presented hereafter.

Various theoretical models have been developed to explain and predict the crack retardation and arrest
due to crack closure [23,27,18]. Ur-Rehman and Thomason [23] modeled the wedge as a rigid body of uni-
form thickness in the wake of the crack. Shin and Cai [18] argued that the wedge may not behave rigidly
and used an elastic—perfectly plastic material model for the wedge instead. As they investigated the crack
propagation behavior of metallic alloys infiltrated with polymeric wedges, they assumed all the deforma-
tions to be on the wedge only. They found that, above a certain value, the Young’s modulus and yield
strength of the wedge does not affect the crack retardation. Yanyan and co-workers [27] formulated a
model for an equivalent crack opening load for the special case of three-point-bending specimens. All these
models have however limiting assumptions on the geometry of the specimen, the loading conditions, the
deformation localization or the path of crack propagation. No model has been developed yet to study
the fatigue crack retardation using artificial wedges in a general setup.

The approach adopted in this work relies on cohesive modeling, which has been recognized as a powerful
method to simulate in unified setup a wide variety of crack propagation events under complex geometric
and loading situations. Recently, this technique has been successfully employed to study the crack propa-
gation under cyclic loading [12,13,16,26]. In this paper, we present a numerical model based on the cohesive
finite element technique to study the effect of an infiltrated wedge on the fatigue crack propagation in brittle
polymers. As mentioned earlier, this class of materials shows no or negligible plasticity to induce crack clo-
sure. The dominant mechanism responsible for the fatigue crack propagation is thus the infiltrated wedge in
the wake of a crack. Crack closure in the wake of the crack is modeled by a contact enforcement technique
based on link elements. Although the model developed in this paper is general and does not assume the
wedge to be rigid, we focus our attention in most applications on the case of a rigid wedge. The effects
of the wedge thickness and infiltration techniques, i.e., the placement of the wedge behind the crack tip,
are investigated, and a reference is made to the crack retardation mechanism in self-healing polymers [2]
where the wake of the crack is bridged continuously as the crack advances.

We start this paper with a brief review of the cohesive model used to simulate fatigue crack propagation
in polymers. Next, we discuss in Section 3 the model used to take into account the presence of a wedge in
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the wake of a crack. Results from a detailed parametric study are presented in Section 4 together with com-
parisons with experimental observations reported in the literature.

2. Cohesive modeling of fatigue crack growth

As mentioned in the previous section, cohesive models have recently appeared for fatigue crack growth
in metals [4-6,13], along interfaces [16] and in quasi-brittle materials [26]. The model that serves as the foun-
dation for the present wedge-induced crack retardation study is the phenomenological cohesive model re-
cently developed by the authors, which is particularly suitable for polymers with higher fatigue sensitivity
[12]. For the sake of completeness, we summarize here the basic features of this model.

The cohesive model starts with a bi-linear, rate-independent, damage-dependent irreversible failure law
between the cohesive traction vector T and the displacement jump vector A acting across the cohesive sur-
faces I'.. In the tensile (mode I) case, which is the focus of the work presented hereafter, this cohesive model
takes the simple form

Tn _ S An Omax
1-9 Anc rryinit

- kcohAn, (1)

where T, and 4, respectively denote the normal component of the cohesive traction and crack opening dis-
placement vectors, o, is the tensile cohesive failure strength, and 4,,. the critical value of the opening dis-
placement jump beyond which complete failure is assumed. The corresponding fracture toughness Gy is the
area under the traction-separation curve and is given by

1

G = E GmaxAnc

The evolution of the damage process is quantified by the monotonically decreasing damage parameter &
defined as

S =min(Lp, (1 — Aa/Anc)), (2)

where (a) =a if a> 0 and = 0 otherwise, and ¥, denotes the previously achieved ¥ value. %, denotes
the initial value of this quantity which is set at approximately 1 (0.98 in this work) and controls the slope of
the rising part of the cohesive traction-separation law. Due to its monotonically decreasing nature, % rep-
resents the current damage state and prevents healing of the cohesive elements in the event of unloading and
subsequent reloading. Also, the cohesive stiffness ko, in (1) reduces monotonically as A4,, increases and be-
comes zero when the critical opening displacement jump 4, has been achieved.

The fatigue-induced irreversibility is accounted for by specifying an irreversible unloading-reloading
path through the rate of change of cohesive stiffness kcop:

; {_%Nrﬁkcohﬁ.‘n if Z‘n = Oa
kcoh = :

. 3
if 4, <0, )

where N; denotes the number of loading cycle experienced by the material point since the onset of failure,
i.e., at the time the cohesive traction T, first reached the failure strength 6,4, @ and § are material para-
meters describing the fatigue-induced degradation of cohesive properties, and A, is the rate of change of the
normal separation. The cohesive law is schematically presented in Fig. 1. As shown in [12], the parameters o
and f determine the intercept and slope of the Paris fatigue curve (i.e., log—log plot of crack advance per
cycle, da/dN, vs. applied loading range, AK). A detailed discussion of this cohesive model alongwith its ef-
fect on the upper and lower thresholds of fatigue crack growth can also be found in [12]. As shown there,
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T,

Smax [~

Fig. 1. Schematic representation of the progressive degradation of the cohesive properties during sub-critical unloading and reloading
events due to fatigue loading. The shaded area corresponds to the monotonic fracture toughness Gic.

the existence of a lower fatigue threshold is associated with the initial value %, of the damage parameter
.

The fatigue cohesive model is implemented in a finite element scheme combining volumetric elements
used to capture the bulk response of the material and cohesive elements used to model the fatigue process.
A quasi-implicit load stepping scheme is used in this investigation to form the equations of equilibrium. The
tangent stiffness matrix arising from the volumetric elements, K,, and the cohesive component of the stiff-
ness matrix, K., are updated at each load step based on the displacements (and corresponding displace-
ment jumps) achieved at the previous loading step. The equations of equilibrium for a load step n can be
written as

[Kcoh(Un—l) +KV(Un—1)}Un :Rm (4)

where R, is the external load vector at the nth load step. Denoting the sum of K on(U,_;) and K(U,_;) by
K, for simplicity, and noting that U, = U,_; + dU,, where dU,, is the increment in loading for the nth time
step, we can restate (4) as

K.dU,=R,—-K,U,_,. (5)

For linear volumetric response, the tangent stiffness matrix K, remains constant through all the loading
steps and needs to be calculated only once.

Fig. 2 presents a comparison between experimental fatigue crack propagation data in epoxy [1] and sim-
ulation results obtained with the fatigue cohesive model described by (1)—(3). The experimental values of
the crack growth rate da/dN were obtained with a tapered cantilever beam specimen made of neat EPON
828 epoxy resin with 12 pph Ancamine DETA (diethylenetriamine) curing agent subjected to a range of
cyclic loading conditions. In the simulations, the maximum amplitude of the applied displacement 4,pjicq
was taken to be 1.8 mm resulting in an initial value of the maximum stress intensity factor 0.6 MPa /m.
The load ratio R, the ratio of minimum to maximum applied load, was taken to be 0.1. In the example
shown in Fig. 2, the uncracked length of the beam by, = 100 mm, the Young’s modulus E = 3.4 GPa, the
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Fig. 2. Comparison between experimental (symbols) and computed (solid curve) fatigue response of epoxy. The experimental results
are taken from [1].

fracture toughness Gy, = 88.97 J/m?, and the cohesive strength o, = 35 MPa. The two parameters of the
cohesive fatigue model (3) were taken to be o« = 8 um and f§ = 0.65. As apparent in Fig. 2, the two-para-
meter cohesive model captures the entire fatigue failure response curve quite well, including the upper
threshold at the higher crack growth rate regime, where the numerical results show the rapid acceleration
of the fatigue crack for AK/K;.> 0.8.

3. Cohesive modeling of wedge effect

The modeling of the wedge effect associated with the premature crack closure in the wake of the crack
requires the incorporation in the model of a unilateral contact law characterized by the conditions of no
interpenetration and no tension between the contacting bodies [3]. For a single DOF system, where a single
node (contactor) is penetrating an object (obstacle), we define a distance function (g), referred to hereafter
as gap function, as the signed distance between the contactor and the obstacle. We take g to be positive
when the bodies are not in contact and negative when penetration occurs. The contact force p is taken
to be negative for compression and positive for tension. The Hertz—Signorini-Moreau law of normal uni-
lateral contact is expressed as [3]

g=>0, p<0, gp=0. (6)

The first inequality expresses the condition of impenetrability, while the second one corresponds to the con-
dition of no tension at the contact face. The third relation describes an energetic condition of zero work
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between the gap-contact force pair. Let us also assume that no friction is present between the contact pair.
These conditions can be implemented by a penalty method or by a Lagrange multiplier technique. As long
as no wedge is present behind the crack tip, contact can occur only between the crack faces when the nor-
mal separation 4, becomes negative. To ensure no penetration between the crack faces in this situation, a
penalty formulation is used. As shown in Fig. 1, for negative 4,, a large repulsive cohesive traction is pro-
duced to prevent inter-penetration. The slope of this branch of the traction-separation law can be deduced
from (1) as omax/4nc(1 — FLinit), Which can be viewed as the stiffness of the penalty spring.

When a wedge of thickness 4] is inserted between the crack faces, the crack faces experience contact
force whenever 4, — 47 < 0. This situation is depicted in Fig. 3. The use of the penalty method may lead
to an excessive penalty force at the flanks of the crack giving rise to spurious increase in the crack driving
force. Therefore, we adopt a Lagrange multiplier-based scheme, in which the contact forces can be esti-
mated accurately. The contact algorithm between the crack flanks (denoted hereafter as ““structure’) and
the inserted wedge starts with the discretization of the wedge such that the wedge nodes coincide with
the nodes on the structure when they are in contact (Fig. 4). In this particular geometry, the search proce-
dure to find the contacting nodes/elements is highly simplified. The contact enforcement algorithm enforces
contact exactly only at the nodes in a pointwise fashion, resulting in a link element method that can be
viewed as a special case of the Lagrange multiplier technique (Fig. 4). Fictitious links are introduced be-
tween the contacting nodes, which can only transmit axial compressive forces when the gap between the
wedge and beam nodes 4, — 4, becomes zero or negative. When the gap is greater than zero, these link
elements do not exist and the inequalities stated in (6) are thus satisfied.

The contact algorithm is implemented in a predictor—corrector fashion. At a given time step, the dis-
placements at all structure and wedge nodes are calculated. If the gap between a node pair becomes
negative, i.e., if there is a penetration between the wedge and structure, a link is formed at the point of
contact. Let us assume that there are / node pairs at which penetration is detected and links are formed.

A
- - =
Aﬂ

increasing wedge stiffness

Fig. 3. Schematic representation of contact force 7 arising due to a wedge of thickness A4, inserted in the wake of the crack.

o
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cantilever beam segment

Fig. 4. Schematic of the wedge and the cracked portion of the DCB specimen in contact showing contacting nodes with link element
between them.

Denoting the predicted displacements by a subscript p and the corrected ones by ¢, the displacement cor-
rections AU are expressed as

AU? = (“E)f - (”b)i>

AU:‘N:(”;J)I‘_(“W)I' i=1,...1 (7)

C

where the superscript b and w denote the structure and wedge, respectively. Noting that for compatibility
(u?), = (u¥),, and denoting the penetration at the ith link by p,, we arrive at
AU? — AUY = p,. (8)
The link force acting on the beam and the wedge can be written as
F = K3, o
FY=KjAUY i=1,...1, j=1,...1

where K® and K are the partitions of the stiffness matrices of the beam and wedge corresponding to the
contacting nodes only. Equilibrium of the link forces dictates that

FP+FY =0. (10)
Substituting (9) into (10) and using the in matrix notation, we obtain

K°AU® + KYAU™ = 0. (11)
Making use of (8), the displacement correction for the structure AU® is expressed as

AU® = (K* + K*)"'K"p. (12)

Several simplifications of (12) are possible at this point. If the wedge is assumed to be a series of springs
with equal stiffness W, (12) can be simplified to

AU = W(K° +Iw) 'p. (13)

Also, if the trace of the structure stiffness matrix Tr(K ") is much smaller than that of the wedge, the wedge
behaves rigidly and we find

AU’ ~ p,

i.e., the displacement correction for the structure becomes the penetration at contacting nodes.

The model is incorporated in the fatigue cohesive volumetric finite element (CVFE) code noting that the
wedge is infiltrated only after a cohesive element fails completely thus giving rise to new crack faces. Fur-
thermore, it is assumed that the wedge is inserted only at the peak stress regardless of its thickness 4. The
thickness is specified at each Gauss point of the failed cohesive elements which come into contact with the
wedge. Hence, wedge contact is detected at a Gauss point if the normal opening 4,, becomes less than or
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equal to 4; with the predicted displacements at these nodes. The penetration vector p is calculated based on
these predicted displacements, and the displacement corrections AU are found through the contact
algorithm.

4. Results and discussion

In this section, we discuss the effect of the wedge-induced crack closure on the fatigue crack growth. In
all the simulations presented hereafter, the fatigue parameters o and f§ are taken to be 8§ um and 0.3, respec-
tively. The material properties are those of epoxy and are listed in Section 2. The simulations are performed
on a double cantilever beam of thickness 1 mm, length 40 mm and unit width with an initial crack length of
10 mm. In all cases, the beam is subjected to a cyclic load with a maximum amplitude of 250 N applied at
the tip of the cantilever unless noted otherwise. The resulting crack propagation is thus unstable. For the
geometry of the beam and this particular loading, the ratio of the initial stress intensity factor to the critical
one is 0.5 and the stress intensity factor reaches its critical value when the crack extends by 10 mm. The
length of the cohesive elements is taken to be 0.1 mm taking the spatial convergence criterion into account,
i.e., the need to discretize the active cohesive zone with at least 4 cohesive elements at all times [12]. In all
simulations, the wedge width is equal to that of the beam and the wedge is assumed to be rigid unless noted
otherwise. The load ratio R is taken to be 0 unless otherwise noted.

4.1. Fatigue crack retardation by an infiltrated wedge

The characteristic effect of an inserted wedge on the crack propagation is shown in Fig. 5. The wedge is
infiltrated after the crack has been extended by 1 mm and is assumed to fill the crack wake completely. The
crack then advances past the wedge, but the wedge remains fixed at the inserted position. It is also assumed
that the wedge has reached its fully cured state. In an adhesive injection setting, this would imply that load-
ing be interrupted while the curing takes place. The thickness of the inserted wedges, 47, is expressed as a
fraction of the critical cohesive displacement jump 4,,.. It can be thought that the different thicknesses result
from the infiltration of the wedge at different applied stress levels in the loading cycle, which is designated
by infiltration stress level (ISL) by some authors [17,19-21]. We prefer to specify the wedge thickness in this

10

9 L
-~ 8}
g .
£ 7t AT=0
5 /
< 6t
S A: = 0'4Anc
o | //
2
3 4 Ar=068
X
8 3
G

2 L

1 L

0 & =07 A

0 1000 2000 3000 4000 5000
cycles

Fig. 5. Crack closure due to a wedge of varying thickness inserted after the crack has propagated by 1 mm.
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study, as it directly relates to our simulations. We also assume here that the wedges are of uniform
thickness.

Fig. 5 depicts the fatigue crack propagation behavior against the number of cycles for different thick-
nesses of the inserted wedge: 4; = 0.0,0.4,0.6, and 0.74,,.. The static crack propagation behavior is ob-
served for all the cases when the crack extension reaches 10 mm, length at which the stress intensity
factor becomes critical and corresponding crack propagation curves become vertical. As apparent in
Fig. 5, the crack propagation with inserted wedge exhibits three distinct regimes. Initially, all the curves
follow the control case showing fatigue crack propagation in the absence of any retardation mechanism.
After the wedge is inserted, there is an incubation period with no crack propagation observed for a while.
The duration of the incubation period depends on the thickness of the wedge and is greater for higher val-
ues of 47. Due to the inserted wedge, the crack closure is affected: the crack flanks cannot close fully at the
wake during unloading thus reducing the effective stress intensity factor range AK.g. As the thickness of the
wedge increases, AK. g decreases leading to an increased retardation. If AK.y goes below the lower threshold
value of the fatigue crack propagation, the crack can be arrested completely [2]. Finally, in the third regime,
the fatigue crack resumes its propagation. Note that the rate of propagation is also influenced by A4’ : it re-
duces with the increasing value of the wedge thickness. As the crack advances, it leaves the wedge in its
wake at an increasing distance from the crack tip, thereby reducing the shielding effect on the crack tip.
This fact is manifested by the gradual increase of the crack propagation rate in the third regime. These three
distinct crack propagation regimes have been observed experimentally by Ur-Rehman and Thomason [23]
for low-alloy steel with different wedge materials. The enhanced retardation of crack growth with increasing
ISL (hence wedge thickness) is also consistent with other experimental [17] and theoretical observations
[18].

Ur-Rehman and co-workers [23] also found that another key factor in fatigue crack retardation is the
distance of the wedge from the crack tip which is also verified in [18] through a simple theoretical model
based on weight function computations of the effect of the wedge present behind the crack tip. This fact
is illustrated in Fig. 6. The wedges are inserted at different distances behind the crack tip when the crack
has been extended by 2 mm and the thickness of wedge is kept constant at 0.74,,. while the wedge length
is fixed at 1 mm for all the test cases. As apparent from the figure, more crack retardation is obtained for
decreasing distance to the crack tip. As discussed before, the shielding effect of the wedge is reduced (i.e., the

10

9t

st
‘E\ no wedge ——————
E7¢
« wedge 2 mm behind crack tip
g 6 wedge 1 mm behind crack tip
.g 51 wedge at crack tip
54
x
g 3t
G

ot

1t

0 I I I I

0 1000 2000 3000 4000 5000
cycles

Fig. 6. Effect of the wedge infiltration at different distances behind the crack tip when the crack extension reaches Aa =2 mm
(4y, = 0.74,¢).
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effective stress intensity factor is increased) as the distance between the crack tip and the leading edge of the
wedge increases. It has also been observed in our simulations that the length of the wedge does not play any
role in the crack retardation, as it does not contribute towards reducing the crack driving force at the crack
tip.

It should be noted here that the cohesive model of crack propagation adopted in the present study gets
around the need for an explicit definition of the stress intensity factor. However, as it is usually done in the
literature, we quantify the crack closure effect in terms of a reduction in the effective stress intensity factor.
By analogy to the singular crack DCB model, a cohesive zone based DCB model can be constructed which
further illustrates the effect of wedge insertion in the wake of the crack and also relates the “equivalent”
stress intensity factor to the cohesive zone modeling for the particular specimen configuration. The details
of the theoretical model, which relies on the classical solution of a beam on an elastic foundation, are given
in Appendix A. Let us respectively denote by a, /. and x the crack length, cohesive zone length and distance
between the wedge tip and the crack tip. Also, let Py, and P* respectively denote the maximum applied
load and the load level at which the crack faces just touch the wedge tip. In a singular crack model of
the DCB specimen (for which /./a — 0), the ratio P*/P,,, relates directly to the stress intensity factor ratio
K'/Knax. In other words, (Pmax — P*)/Pmax i proportional to AK 4/ Knax. Assuming that similar relation
holds in the presence of a cohesive zone, we plot in Fig. 7 AK 4/ Kinax V8. x/a for various values of the wedge
thickness 7 = A7 /20max (With I./a — 0, solid curves) and cohesive zone length (with n = 0.1, dashed curves).
Here, d,,.x denotes the maximum deflection of the end of the beam (i.e., for P = P,,,4). As apparent in
Fig. 7, as the wedge thickness increases (i.e., as # increases, solid curves), the crack closure effect it intro-
duces becomes more prominent (i.e., AK.y decreases) for a given insertion depth x. Note the rapid decrease
of AK 4/ Kinax as the wedge is introduced closer to the crack tip, as described previously in Fig. 6, especially
for thinner wedges. The presence of the cohesive zone (dashed curves) does not affect these observations. In
the limiting case (/. — 0), we recover the singular crack model (solid curve). As the size of the cohesive zone
increases, the crack closure effect decreases due to an increased opening of the crack faces. It should be
noted however that, in these computations, the trailing edge of the cohesive zone constitutes the farthest
insertion point of the wedge, even if the corresponding opening displacement (=4,.) exceeds 4, as it is
the case for large values of //a.

AKf;'ff / Kmax
o
o

I
»

Fig. 7. Effect of the distance x of a rigid wedge from the crack tip on the onset of crack closure, expressed in terms of AK g/ Kpnax. The
solid curves correspond to the singular limit (/./a — 0) for various values of the wedge thickness (1§ = A4 /20y.x), While the dashed
curves correspond to various values of I./a for n =0.1.
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Fig. 8. Effect of a | mm long wedge inserted behind the crack tip after the crack has extended by 1, 2, 3 and 4 mm (4], = 0.74,) for a
DCB specimen under cyclic loading with a constant load amplitude.

Next, we study the effect of a | mm long wedge inserted right at the crack tip when the crack has ad-
vanced by 1, 2 and 3 mm. It can be seen from Fig. 8 that, the sooner the wedge is inserted, the more effective
the retardation mechanism becomes. Since the crack driving force at the crack tip increases with crack ad-
vance and gives rise to a higher stress intensity factor range, the wedge insertion is more effective in retard-
ing the crack when the prevailing stress intensity factor is lower. This observation is further reinforced by
the results presented in Fig. 9 where the same situation is studied, but instead of the constant load applied
earlier, a cyclic displacement with a constant amplitude of 0.65 mm is applied, which gives rise to an initial
stress intensity factor 5% higher than the critical one. The crack starts propagating in a steady fashion,
but, as the crack length increases, the stress intensity factor is reduced for this type of loading. The crack

6
no wedge

5t
‘E\ wedge insertion at 4 mm
g
~ 4}
s 4
<
5 .
g 3t wedge insertion at 3 mm
% “+—— wedge insertion at 2 mm
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Fig. 9. Effect of a | mm long wedge inserted behind the crack tip after the crack has extended by 1, 2, 3 and 4 mm. The thickness of the
wedge for all the cases is 0.74,,. and the DCB specimen is subjected to a cyclic loading with a constant displacement amplitude.
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propagation becomes sub-critical (i.e., is expected to stop under quasi-static loading conditions but can
propagate under cyclic loading) after the crack extends by 0.2 mm. The wedge becomes more effective in
retarding the crack for this type of loading if inserted late, allowing the crack to propagate more and there-
by reducing the stress intensity factor further. For a crack advance Aa =4 mm, the crack gets actually
arrested.

4.2. Continuous delivery of crack filling material

All the observations made in the previous section, i.c., the effect of the wedge thickness, the distance of
the wedge from the crack tip and the wedge insertion schemes, point to the fact that the inserted wedge
shields the crack tip by reducing the effective stress intensity factor, thus retarding the crack growth. It
can also be concluded that the crack filling mechanism by which the advancing crack tip can be closely fol-
lowed by a wedge will produce the best result for the retardation of fatigue cracks assuming other factors
(such as the wetting of the crack faces and through-thickness penetration) to be constant. So the biggest
challenge of this type of crack-retarding mechanism is the design of an effective mechanism which can de-
liver the new material in the wake of the crack continuously. The continuous delivery of crack wake filling
material is achieved in the case of the self-healing material described in the introduction [2,25]. The solidi-
fication of the delivered substance depends on the healing chemistry of the material. For the present study,
we will assume that the crack is rested intermittently so that the polymerization of the healing agent is com-
plete, and the wedge can be modeled as a rigid body. We also assume that the thickness of the deposited
wedge is uniform throughout the wedge. Referring back to Fig. 6, it can be stated that the continuous deliv-
ery of the crack filling material upto the crack tip is the best method to slow down crack advance regardless
of the loading environment for a given wedge thickness.

Fig. 10 depicts the crack propagation behavior in the presence of a continuously delivered wedge of vary-
ing thicknesses. It can be observed that the three distinct crack propagation regimes observed earlier are
absent for these cases. The propagation of the fatigue crack starts to slow down from the very beginning
and the crack growth rate decreases as the wedge thickness is increased, as observed experimentally in [2].
As the thickness of the wedge is increased, the crack actually gets arrested as the crack driving force at the
crack tip reaches a threshold beyond which no crack propagation is possible [12].
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Fig. 10. Continuously inserted wedge: effect of wedge thickness on the fatigue crack propagation.
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4.3. Effect of applied loading on fatigue crack retardation

As the applied load level is increased, the stress intensity factor range AK increases. The crack then expe-
riences an increased driving force leading to an increased rate of propagation. A direct comparison of the
effect of the inserted wedge thus becomes difficult. For that reason, Fig. 11 presents the crack extension vs.
number of cycles both for the case with no wedge as well as with a continuously injected wedge of thickness
0.74,c at Aa = 1 mm for three different applied cyclic load levels. The applied load amplitudes are 200, 250
and 350 N, which correspond to initial values of AK/K. of 0.4, 0.5 and 0.7, respectively. R is taken to be 0
for all cases. As expected, the crack propagation rate is higher for higher values of applied tractions. But we
also observe that crack retardation due to the wedge also reduces substantially with higher loading. As the
geometry of the infiltrated wedge is constant for all these cases, it modifies K,;, by the same magnitude.
Hence its contribution towards reducing the stress intensity factor range, AK, remains the same in all cases.
But higher applied loadings give rise to higher values of K,.x, hence higher AK so that the effective stress
intensity factor range experienced by the crack tip increases with an increase of the applied loading. More-
over, as the loading increases, the crack also starts propagating early at a faster rate, giving rise to a further
increase in the effective stress intensity factor range.

We also study the effect of the load ratio R in this context. The value of R is varied by changing the min-
imum value of the applied load keeping the maximum value constant for all cases. The maximum amplitude
of the applied loading is 250 N on each arm of the DCB specimen, the thickness of the wedge is chosen as
0.44,. and it is assumed to span the whole wake of the crack. Three values of R are considered: R = 0.2, 0.5
and 0.7. As shown in Fig. 12, R plays two key roles on the fatigue failure of the DCB specimen. In the
absence of a wedge (solid curves), it strongly affects the fatigue crack propagation rate through the value
of the intercept C of the Paris curve (inset of Fig. 12). Furthermore, the load ratio R affects the extent of the
crack closure effect introduced by the wedge (dashed curves), thereby modifying the retardation achieved.
As the load ratio increases, the lower value of the loading cycle increases also. Since the wedge thickness is
constant for all these cases, the portion of the loading cycle at which the crack face and the wedge are in
contact also goes down with increasing R. As R increases, for some threshold value, the crack face actually
loses contact with the wedge rendering the crack closure mechanism ineffective. For R = 0.7, although the
crack propagation rate is much lower both for the control case and the case with infiltrated wedge, there is
almost no difference in crack propagation rate for these two cases.
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Fig. 11. Effect of initial stress intensity factor on the evolution of the crack advance (4; = 0.704,.) for a wedge inserted at Aa = 1 mm.
The solid and dashed curves respectively correspond to the solution in the absence and presence of a wedge.



36 S. Maiti, P.H. Geubelle | Engineering Fracture Mechanics 73 (2006) 2241

25 T
>(10_8
8
= °[E,
£ |&f
o
S1sf 2
c
S %
5
x 17
(0]
x
Q
o
© 05
0 = = . .
0 1000 2000 3000 4000 5000
cycles

Fig. 12. Effect of the loading ratio R on the evolution of crack advance. The wedge is continuously inserted and is of thickness 0.44,,.
The solid and dashed curves denote the fatigue response without and with the wedge, respectively. The inset shows the R-dependence of
the intercept C of the Paris fatigue curve in the absence of a wedge.

4.4. Effect of wedge stiffness

We now present the effect of the inserted wedge stiffness on the fatigue crack retardation behavior. In
their study, Ur-Rehman and Thomason [23] assumed the wedge to be rigid. They argued that a low-
strength elastic wedge will behave as a rigid body due to small deformation and large plastic constraint.
Shin and Cai [18] subsequently presented a model taking the stiffness of the wedge into account. However
they assumed the crack flank to be rigid, compared to the low stiffness of the inserted polymeric wedges.

As we are investigating the polymeric wedges inserted in the wake of a crack in a polymeric specimen, we
need to account for the compliance of both the crack flanks and the wedge using the contact model de-
scribed in Section 3. For this particular study, we use the simplified version of (12) where the wedge is as-
sumed to be constituted of a series of springs of stiffness W (see (13)). The value of W is chosen to be a
fraction of the transverse stiffness Kyc.m of the DCB specimen, i.¢., of the diagonal term of the global beam
stiffness matrix corresponding to the translational degree of freedom. Note that, since the beam has been
discretized in elements of equal lengths, all the diagonal terms corresponding to either translational or rota-
tional DOF are equal to each other, except at the boundary nodes. For an arbitrary node along the beam,
the transverse stiffness is Kpeam. In Fig. 13, we present the effect of the stiffness of the wedge (springs) W on
the evolution of crack advance. As expected, for very low values of the wedge stiffness, the crack retardation
is almost negligible. As the wedge stiffness is increased, initial retardation is increased whereas subsequent
crack growth rate is almost similar to the case with no inserted wedge. This result can be explained by the
fact that, as the crack moves ahead, the effect of the inserted wedge on the reduction of crack closure de-
creases significantly and ultimately becomes zero. Also, the increased compliance of the inserted wedge al-
lows the crack flanks to come closer to each other thus reducing the effectiveness of the wedge in retarding
the crack growth. Finally, when the wedge behaves as a rigid body, it is most effective in influencing crack
closure and thus fatigue crack growth. This fact is clearly visible in Fig. 13: the rigid wedge arrests the
crack, and when the crack starts to grow again, the rate of growth is significantly lower than in other cases.

4.5. Change in compliance of DCB specimen

We finally turn our attention to the change in compliance of the DCB specimen due to fatigue crack
growth and retardation by investigating the effect of an inserted wedge of finite length and constant
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Fig. 13. Evolution of the crack advance with varying stiffness W of a wedge of thickness 0.74,. inserted at Aa =1 mm. The
translational stiffness of the beam is denoted by Kpeam-

thickness on the evolution of the load vs. deflection curve. The peak value of the applied load is taken to be
250 N with R =0, and the wedge thickness is 0.74,.. The wedge is inserted when the crack extension
reaches 1 mm. The load point displacement is measured for the DCB specimen and the applied traction
is plotted against it in Fig. 14(b) for a few chosen loading cycles labeled on the crack advance vs. cycle curve
in Fig. 14(a). The slope of these curves corresponds to the inverse of the compliance of the structure at a
given loading cycle. Note that each curve contains the loading as well as the unloading part of a loading
cycle, and the curves are arbitrarily shifted along x-axis for clarity.

As mentioned in Section 4.1, the crack propagation comprises of three distinct regimes. At the very
beginning (cycle 1 in Fig. 14), the crack does not propagate at all as damage has not had the chance to accu-
mulate yet in the cohesive zone ahead of the initial crack tip. The specimen has thus the lowest compliance
among all cycles. Subsequently, as enough damage accumulates in the cohesive zone, the crack starts
extending in a sub-critical manner giving rise to the first regime of crack propagation. The load-displace-
ment curve for the 1000th cycle shows an increase in compliance due to the extension of the original crack.
After about 1000 cycles (and a 1 mm crack extension), the crack enters the second regime of propagation:
the incubation period. In this regime, the effective stress intensity factor range at the crack tip is lowered by
the wedge insertion yielding a temporary crack arrest. The rigid wedge bears the compressive load during
the unloading part of the loading cycle and the compliance is decreased, as shown by the curve associated
with the 2000th cycle. The compliance is still slightly higher than that of the original DCB specimen (cycle
1), denoting the fact that the crack faces lose contact with the wedge during part of the loading cycle, but
the resultant AK.g is not sufficient to drive the crack. After about 3000 cycles, the crack tip region accumu-
lates enough damage to nucleate fatigue crack growth again, but at a lower rate than the original one.

The load—displacement curve for the 4000th cycle is bi-linear, with the lower portion still retaining the
previous compliance due to the crack closure, but the upper portion is more compliant due to the advancing
crack in the loading part of the cycle. In subsequent cycles, the “knee” of the curves (denoted by a broken
line in Fig. 14(b)) goes towards lower applied load levels; the slope of the lower curve remains the same, but
the upper portion becomes more compliant with the passing cycles. As the advancing crack leaves the
wedge further down its wake, the crack closure effect diminishes continually, as apparent by the lowering
of the “knee”. At about cycle 5500, the “knee” vanishes completely indicating the absence of the crack clo-
sure altogether, and the fatigue crack regains its original propagation rate. This evolution of the compliance
has also been reported in [17, Fig. 3] and [1, Fig. 7.20].
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5. Conclusions

We have presented the formulation and implementation of a cohesive model used to capture the retar-
dation of fatigue crack growth associated with the insertion of a wedge in the wake of an advancing crack.
The approach relies on the combination of a two-parameter cohesive model used to capture the progressive
degradation of the cohesive failure properties of polymers with a crack closure scheme that captures the
interaction between the newly created crack faces and the wedge. The model has been implemented in a
cohesive finite element framework using a predictor—corrector scheme combined with a link-based ap-
proach to capture the contact between the crack faces and the wedge.

The effect of various loading and geometric parameters has been studied systematically and the numeri-
cal results have been compared with experimental observations whenever possible, showing very good qual-
itative agreement even though many of these experiments have been performed on metals. This somewhat
surprising result can be explained by the fact that, in these experiments, crack retardation was primarily
promoted by the inserted wedge, not by the plastic behavior of the material. This agreement is however
an indication of the flexibility of the proposed scheme.
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Simulations have shown that the major factor for fatigue crack retardation is the proximity of the wedge
with the crack tip and the thickness of the wedge. Also, the wedge is more effective when it is inserted at
lower stress intensity factor level. The key motivation for this study was the modeling of the fatigue re-
sponse of a self-healing polymer-based material. Simulations performed with the cohesive model have
shown that, by delivering the wedging material in the immediate vicinity of the advancing crack front, this
system provides the most efficient delivery scheme.
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Appendix A. Beam theory analysis of onset of crack closure

The cohesive zone ahead of the crack tip can be thought of a beam of length /. (cohesive zone length) on
an elastic foundation with a stiffness of k¢ Although k¢ varies within the cohesive zone for the bi-linear
cohesive law described in Section 2, we take kr to be constant in this analysis. The crack length is denoted
by a. For the problem of an elastic beam on a partial elastic foundation shown in Fig. 15, the displacement
0 at a distance x from the crack tip due to an applied load of P can be written as

Pax? P

5:A+0x+ﬁ_6EI’ (A.1)
where the displacement at the crack tip (i.e., at the trailing edge of the cohesive zone) 4 is given by
A _P(e’zﬁ —ae P+ 4a(coﬁs BB+ 4_cosBsin[_3 - 2aff — ape*f — ) _ P (A2)
2EI(e2F + 4(cos B)* 4 2 + e2F) 2EIGR
and the slope at the crack tip is written as
o P(e ™ — 2ae !B — 4(cos p)* + 8apsin fcos f+ 2 + e + 2ape?) PN, (A3)

2EI(e~2F + 4(cos B)* + 2 + &) 2 - 2EIGR

Fig. 15. Schematic of a cantilever beam partially on an elastic foundation of stiffness k¢ and subjected to a point load P at the tip. /. and
a respectively denote the cohesive zone and crack lengths.
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with
B = (ke/4ED*? and p = pL.

Note that, when /. — 0, 4 and 6 also tends to zero and (A.1) represents the equation of the deflected shape
of a cantilever beam with a point load at one end.
Let us rewrite (A.1) in the following form:

5 = by |~ 220 (1) + 1222 (1, ja) (x/a) + 1.5(x/a)” — 0.5(x/a) |, (A4)
7B 9B

with d;, denoting the displacement at the tip due to an applied load of P

Pa’
5tip == E .

Denote the wedge thickness by 47 and assume that a load of P* (and corresponding SIF K*) is required to
obtain 0 = 47 /2 at a distance x from the crack tip. Also assume that the maximum loading on the specimen
is Prax and corresponding tip displacement is dg, o that

P B 1 (A.5)
Poa | ~ B (efa) + 5 (1ofa) (x/a) + 1.5(x/a)’ = 05(x/a)’ | '
where
_ 4
= 25tipmax .

Assuming the stress intensity factor is linearly related with the applied loading as in the case of singular
crack without the cohesive zone, (A.5) can be expressed as

AK, Koax — K* K* P
L S IV [ (A.6)
Kmax Kmax Kmax Pmax
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