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From Daly City 
to the movies...
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Things don’t always go according to plan...

What if you miss the 
Embarcadero station, 
by mistake?



What if you miss the 
Embarcadero station, 
by mistake? for a very 
good reason?

Things don’t always go according to plan...



Stochastic shortest path problem
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• 20% chance of missing Montgomery
• 20% chance of missing Embarcadero
• No chance of missing West Oakland
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• 20% chance of missing Montgomery
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17+ 2 + 0.8 á(5) + 0.2 á(20 + 1.0 á(5)) = 28.0

If you intend to detrain at Embarcadero...

17 2
20

10 5

Daly C
ity

Montgomery

Embarcadero

(outbound)

West
Oakland

Landmark
Theatres

Embarcadero (in
bound)

5

miss Embarcadero...



17+ 0.8 á(10) + 0.2 á(2 + 0.8 á(5) + 0.2 á(20 + 1.0 á(5))) = 27.2

If you intend to detrain at Montgomery...
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Advantages of considering uncertainty

Minimum time

24 minutes, if you detrain at Embarcadero

Minimum expected time

27.2 minutes, if you intend to detrain at Montgomery



Advantages of considering uncertainty

Minimum time

24 minutes, if you detrain at Embarcadero

Minimum expected time

27.2 minutes, if you intend to detrain at Montgomery

• Better routes on average

• Less “obnoxious” (and more flexible)



A formal model

stay

detrain
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i = 2
iState

U(2) = { stay, detrain}
u ! U(i )Action

g(2, stay) = (1.0 · 2) + (0.0 · 10) = 2
g(2, detrain) = (0.2 · 2) + (0.8 · 10) = 8.4

g(i, u)Expected Cost

p23(stay) = 1.0

p25(stay) = 0.0

p23(detr ain) = 0.2

p25(detr ain) = 0.8

pijTransition Probability



Bellman’s equation
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µ! (1) = stay

µ! (2) = detrain

µ! (3) = detrain

µ! (4) = detrain

µ! (5) = null

Optimal Policy

Cost-to-go

J∗(1) = 27.2
J∗(2) = 10.2
J∗(3) = 9
J∗(4) = 5
J∗(5) = 0
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µ! (1) = stay
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µ! (4) = detrain

µ! (5) = null

Optimal Policy

Cost-to-go

J∗(1) = 27.2
J∗(2) = 10.2
J∗(3) = 9
J∗(4) = 5
J∗(5) = 0

J∗(i) = min
u∈U ( i )



g(i, u) +
n∑

j =1

pij (u)J∗(j)







Bellman’s equation (example)
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Cost-to-go

J∗(1) = 27.2
J∗(2) = 10.2
J∗(3) = 9
J∗(4) = 5
J∗(5) = 0

g(2, stay) + (p23(stay) áJ∗(3) + p25(stay) áJ∗(5))
= 2 + (1.0 á9 + 0.0 á0)
= 11

g(2, detrain) + (p23(detr ain) áJ ! (3) + p25(detr ain) áJ ! (5))

= 8.4 + (0.2 á9 + 0.8 á0)

= 10.2

µ! (1) = stay

µ! (2) = detrain

µ! (3) = detrain

µ! (4) = detrain

µ! (5) = null

Optimal Policy
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Solving harder stochastic shortest path problems

• Bellman’s equation is a necessary and sufficient condition for a 
stationary policy to be optimal

• Value iteration is one way to find an optimal policy

• Value iteration is one example of dynamic programming, a general 
method for sequential decision problems with additive cost

J ! (i ) = min
u" U ( i )

!

" g(i, u) +
n#

j =1

pij (u)J ! (j )

$

%

Jk+1 (i) = min
u! U ( i )

!

" g(i, u) +
n#

j =1

pij (u)Jk (j)
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